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Abstract   We investigate novel aspects of asynchronous Cellular Automata 

in a broad scope of rule variants for solving the parity problem. Given a one-

dimensional binary vector, the task is to determine whether the parity over all 

bits is even or odd. Therefore, the convergence of an update process is studied 

with local updates on 2-, 3- or 4-bit neighborhood pattern following a uniform, 

parity preserving rule. We assume asynchronous random updates according to a 

Markov process, which is evaluated via simulation and analytical means. We 

compare and optimize rule variants regarding their convergence to two different 

final states, which indicate even versus odd parity. Beyond the all-one and all-

zero configurations, we widen the scope to other final states and we include 

acyclic rule applications, which lead to promising convergence properties. 
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classification, convergence process, Markov state model 

1 Introduction  

Our objective is to find and analyze new update rules for an asynchronous Cellular 

Automaton (CA) that can solve the parity problem. It answers the question of whether 

a binary sequence (configuration, state) contains an even or odd number of ones, 

using only local interactions between cells. It is considered a classical benchmark for 

evaluating the computational abilities of a CA. In its classical form, the parity prob-

lem is solved for arbitrary configurations in a cell ring of odd size with synchronous 

updating [2][3][8][11] until a final fixed point state of all-zeros is reached to indicate 

even parity versus all-ones for odd parity. 

1.1 Related Work  

Parallel substitution algorithms [1] provide a general and powerful synchronous com-

putational model based on substitution rules with decentralized control. They enable 

modifications of a set of arbitrary target cells using a basis and a context. The         

CA-write model [7] allows a cell to write information to its neighbors. Thus, a cell 

can change not only its own state/activation but also that of its neighbors. Therefore, 

this model is another option to describe the parity problem. 

The classical parity problem with synchronous CA updating is addressed in 

[2][3][8] among other work, where the identification of a unique rule involving less 

than 9 neighbors still is open for future research [11]. This work stream assumes syn-

chronous updates of the entire configuration by the same decision rule per cell, which 

involves the neighborhood of radius r. A different approach by Fatès [5] assumes 

stochastic asynchronous updates of a single local pattern in each step. Then a pro-

posed 4-bit rule is sufficient to perform the parity check, which keeps or inverts both 

middle bits depending on the 4-bit neighborhood.  



The convergence properties of an elementary asynchronous CA are classified in [6] for 

all 256 rules, which modify the center cell depending on a 3-bit neighborhood. Recent 

work [9] partly extends those convergence results to rule variants that modify a pair of 

bits depending on a 3-bit neighborhood. (A-)synchronous CA variants are compared in 

another recent study [4], where update rounds involving all cells in a random permu-

tation order are considered as one option for a compromise of (a)synchronous modes.  

1.2 Our approach and contributions   

We investigate a stochastic and fully asynchronous CA approach as also studied by 

Fatès [5] in a broader scope of rule variants. We consider arbitrary final states or state 

classes to indicate even or odd parity, which are not restricted to odd ring sizes.    

Acyclic systems are included without rule application in positions requiring a cyclic 

wrap-around. We first focus on 2-bit rules involving only a pair of cells in each up-

date step, which already enable a parity check with favorable convergence properties 

especially for acyclic systems. The results for the convergence time towards the final 

states are partly extended and optimized for cases of 3- and 4-bit rules. The mean 

convergence time is evaluated via simulation and transient analysis of the underlying 

Markov process for active as well as passive neighborhood pattern. 

Paper structure  Section 2 defines notations for the considered asynchronous CA 

environment with update rules and the Markov process for the system development. 

In Section 3, the convergence behavior of basic rules is evaluated via simulation and 

the convergence properties are summarized. Section 4 confirms and extends the simu-

lation results using a transient analysis approach, whose scalability is limited by ex-

ponential complexity. The work finishes with a conclusion and options for future work. 

2 Update Rules for Asynchronous Cellular Automata 

2.1 System model and notations 

We consider a cyclic ring of n binary cells X = (x1, …, xn); ∀k: xk ∈{0, 1}. The asyn-

chronous system performs local updates on the cells, where each m-bit update step 

depends on m neighboring cells xk, xk+1, …, xk+m – 1, whose binary pattern is transformed.  

We assume that m-bit updates follow the same rule R, which overwrites a current 

m-bit pattern by a transformation function  fR: {0, 1}m →{0, 1}m. When we denote 

 then an update step in position k transforms a configura-

tion  into . This class of block 

transformations includes rules with radius r [2][3][9][11] as (2r + 1)-bit rules, but al-

lows for changing the entire neighborhood of 2r + 1 cells beyond a cell in the middle.   

For cyclic updates, the positions of the cells are evaluated modulo n (n + k ≡ k). 

We can distinguish active update patterns  and passive 

patterns, which remain unchanged under a considered rule.  

We consider asynchronous update steps, each of which is performed in a random 

and uniformly chosen position k = 1, …, n with probability 1/n according to the rule. 

Then the updates follow a discrete Markov process, where the Markov state corre-

sponds to the current configuration (x1, …, xn). Thus, a configuration is also denoted as 

a (Markov) state of the CA. We study the convergence behavior of the update process 



from a random and uniformly chosen start configuration towards an absorbing state of 

the Markov chain, i.e., a configuration without any active update pattern. Regarding a 

parity check, 2 absorbing states are expected, which indicate even (n1 mod 2 = 0) ver-

sus odd parity (n1 mod 2 = 1) regarding to the number n1 of 1-bits of the configuration. 

2.2 Basic 2-bit update rules for a parity check 

We first focus on update rules for preserving parity on a pair (xk, xk+1) of cells in a 

position k  =  1, …, n, which invert a subset of the bit pattern of the pair:  

(xk, xk+1) → (1 – xk, 1 – xk+1),   or, as transformations P, M, L, R on each bit pattern: 

     P (Plus two 1-bits): 00 → 11,            M (Minus two 1-bits):  11 → 00,    

L (shift to the left): 01 → 10,    and    R  (shift to the right):   10 → 01. 

There are 16 rule variants, which partially invert the 2-bit pattern. We denote a rule 

variant for pairwise updates by the subset of active pattern among {P, M, L, R}, e.g. 

the rule ML executes the transformations M and L, but omits P and R, such that the 

pattern 00 and 10 remain unchanged. 

On a closer look, it is sufficient to focus on a subset of those 16 variants, because 

the others have equivalent behavior due to configuration symmetries of the CA [6][9]. 

Moreover, we assume the configurations 0 … 0 and 10 … 0 as the attracting final 

states for indicating even versus odd parity and we exclude rule variants, if those 

states cannot be entered from all arbitrary start configurations. 

Consequently, we exclude the rules LR, L, R and {} because they leave the num-

ber of 0- and 1-bits in the cells unchanged. The rules PM, P and M are excluded be-

cause they have no active pattern to change configurations of the type 0101 … 01. 

Instead, we focus on a set of 4 relevant update rules for pairs of cells in Table 1: 

Table 1: Relevant 2-bit update rules 

 
All other rules that have not been excluded, are equivalent to one of those rules, i.e., 

PMR ≡ PML, PR ≡ PL and MR ≡ ML via left ↔ right rotation of the configuration and 

PLR ≡ MLR, PL ≡ ML and PR ≡ MR via bitwise exchange of 0- and 1-bits. 

Both symmetries are also exploited in classifications and analysis of 3-bit rules [6][9]. 

3 Computational Evaluation of the Classification Time 

3.1 Classification by 2-bit update rules  

We use simulation and analytical arguments in order to study the classification time 

of the four remaining 2-bit update rules PMLR, PML, MLR and ML from a randomly 

chosen start configuration towards the final states 0 … 0 and 10 … 0.  

 Rule   Pattern Updates                             Comment 

 PMLR   11 ↔ 00, 01 ↔ 10   0 ↔ 1-balanced rule with bidirectional shifts 

 PML   11 ↔ 00, 01 → 10   0 ↔ 1-balanced rule with shifts of 1-bits to the left 

 MLR   11 → 00, 01 ↔ 10   Rule for reducing 1s with bidirectional shifts 

 ML   11 → 00, 01 → 10   Rule for reducing 1s with shifts of 1-bits to the left 

 



The convergence behavior of the 0 ↔ 1-balanced rules differs from rules for reducing 

1s. The updates for both rules PMLR and PML imply an ergodic Markov process on 

all 2n–1 states with the same even or odd parity. This process visits each of the 2n–1 

configurations with the same steady state probability 1/2n–1 and does not converge. 

Those Markov chains include a state 0 … 0 or 10 … 0 as candidate to indicate 

even versus odd parity, both as recurrent states. In order to establish 0 … 0 and 10 … 0 

as absorbing states, they would have to be detected, such that further transitions from 

both states could be blocked by a modified rule. We measure the classification time 

(CT) until reaching 0 … 0 or 10 … 0 from a random, uniformly distributed initial config-

uration as the number of required (active) update steps. Then the mean CT for both 

rules PMLR and PML is exponentially increasing with the ring size n, because about 

half of the space of 2n–1 configurations is visited beforehand, see Table 2.  

Table 2: Mean number of active updates until a first entrance to 0 … 0 or 10 … 0 

from a random start configuration for the balanced pairwise update rule PMLR 

On the other hand, the rules MLR and ML imply a Markov update process with 

more favourable but still imperfect convergence properties. We observe that the num-

ber n1 of cells of value xk = 1 (1-bits) in a configuration is reducing down to ≤ 1 dur-

ing the update process for both rules. Each update step of the MLR and ML rule either 

preserves n1 for L or R pattern (01 ↔ 10) or reduces n1 when M: 11 → 00 is applied. 

Consequently, the state 0 … 0 is an absorbing state for even parity, while all con-

figurations with n1 = 1, i.e., 10 … 0, 010 …0, …, 0 …01 form an attracting class of 

states for odd parity. Once the update process has entered this class of states, it stays 

within this Markov subchain, which is recurrent for the rule MLR or periodic for ML. 

          
Figure 1: Mean time to reach a classifying state by 2-bit and 3-bit update rules 
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The two upper curves in Figure 1 show the mean time until the MLR and ML rule 

first enter the state 0 … 0 for even parity or the state 10 … 0 for odd parity. We start 

the simulations from a random, uniformly chosen configuration with probability 2–n 

for each state. Then we perform transition steps according to each rule again at ran-

domly chosen positions. We count the number of active update steps until one of both 

final states is entered. Passive update steps are considered later in the evaluations of 

Section 3.4. The results in Figure 1 are obtained as the mean values over 10 000 simu-

lation runs, each of which is subject to a high standard deviation.  

3.2 Acyclic rules for a unique and faster convergence 

Acyclic CA rules omit m-bit updates with a cyclic wrap-around from the position(s), 

n – m + 2, …, n, e.g., there are no 2-bit updates on the pair (xn, x1). This has major 

influence on the convergence behavior especially for the rules with only left (or only 

right) shifts of 1-bits. The acyclic ML rule shifts 1-bits towards the first positions via 

transition L, where they are concentrated and eliminated by transition M. The acyclic 

rule also implies an acyclic Markov process of transitions of active update patterns M 

and L, such that no configuration is revisited. Moreover, this Markov process con-

verges to unique absorbing states 0 … 0 for even parity and 10 … 0 for odd parity.  

Thus, the acyclic ML rule converges from arbitrary binary configurations to one of 

both intended final states, which indicate the parity in the first bit. The simulation 

results in Figure 1 show an essentially faster convergence of the acyclic ML rule as 

compared to the cyclic variants.  

Moreover, the worst case classification time, i.e. the maximum number of active 

transitions of the acyclic ML rule is n(n – 1)/2. For a proof we observe that a 1-bit in 

position k (xk = 1) of a configuration can undergo a maximum number of k – 1 shifts to 

the left via transition L 01 → 10, until it is in the first position. On the whole, the 

maximum number of transitions of type L is  k – 1 = n(n – 1)/2. In addition, there 

are transitions M 11 → 00 that reduce the number of 1-bits. For each transition of  

type M a 1-bit is eliminated in a position k ≥ 2, which prevents at least one possible 

type L transitions. The maximum classification time n(n – 1)/2 is encountered from the 

configuration 1 … 1, if all transitions of type M are performed in the first position. 

As a final note, a synchronized update process, which applies the 2-bit rule ML in 

decreasing order on the positions k = n – 1, n – 2, …, 2, 1, performs the parity check in 

n – 1 update steps and delivers the result in the first bit. 

3.3 Evaluation of 3-bit and 4-bit rules  

Next, we compare the previous results for 2-bit rules with 3- and 4-bit rules. We can-

not cover all parity preserving 3-/4-bit rule variants, but limit ourselves to cases with 

promising convergence properties. First, we extend the 2-bit ML rule into a 3-bit rule: 

3-bit M3L3 rule:  M3: 11 → 00  (i.e., 110 → 000; 111 → 001);    L3: 010 → 100. 

This 3-bit rule omits transitions 011 → 101, which separate pairs of 1-bits. Then 

more options remain to apply transition M3 yielding an earlier reduction of the num-

ber of 1-bits. The simulation results in Figure 1 confirm a faster classification of the      

3-bit rule by about 15% for cyclic, and about 25% for acyclic CA rules. The maximum 



convergence time of the acyclic 3-bit rule is n2/4 for even n and (n2
 – 1)/4 for odd n, 

and thus about half of the worst case n(n – 1)/2 of the acyclic 2-bit rule for large n. 

A study by N. Fatès [5] evaluates a cyclic 4-bit balanced update rule for the parity 

check of an asynchronous cellular automaton, which involves four neighboring cells 

in the decisions to invert the middle pair of those cells per update step: 

Fatès’ rule:  (xk, xk+1) → (1 – xk, 1 – xk+1),   if and only if   xk – 1 ≠ xk  or  xk+1 ≠ xk+2. 

The CA rule is again applied in random and uniformly chosen positions k = 1, …, n 

of the current configuration. Favourable convergence properties are proven for the    

4-bit balanced rule towards two absorbing states 1 … 1 for odd, and 0 … 0 for even 

parity with a restriction to cases of an odd ring size n [5]. 

The 4-bit rule implies that the number of bit changes in the configuration, i.e. the 

number of positions k with xk ≠ xk+1 is not increasing in each update step. Therefore, 

Fatès’ rule implies a Markovian convergence process with a monotonously decreasing 

number of bit changes in subsequent configurations. This is similar to the decreasing 

trend in the number of 1-bits of the previous 2-bit rules MLR and ML. 

 

Figure 2: Mean time to reach a classifying state by 4-bit update rules 

Our simulations of the classification time of Fatès’ balanced rule [5] yield the results 

shown in Figure 2 when active transitions are counted. For odd ring sizes, Fatès’ 4-bit 

rule is fast converging in contrast to the balanced 2-bit PMLR rule, but is about          

1.5-fold slower than the 2-bit MLR rule, see Figure 1.   

N. Fatès has proposed and analyzed the 4-bit parity rule for odd ring sizes. For even 

ring size n and configurations with even parity, this rule has two absorbing states 0 … 0 

and 1 … 1. For even ring size n and odd parity, Fatès’ rule approaches a class of n2/2 

configurations with bit changes xk ≠ xk+1 in only two positions, i.e., configurations of 
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the type 12m–1 0 n–2m+1 for m = 1, …, n/2 and their cyclic shifts. Figure 2 indicates about 

3-fold more active update steps for even n than for an odd ring size n – 1 until a first 

entrance to the state 10 … 0 as a representative of the state class with two bit changes. 

We evaluate variants of Fatès’ rule [5] in Figure 2, which invert only a subset of 

the four cases PMLR similar to the 2-bit rule variants evaluated in Figure 1. First, the 

4-bit ML variant of Fatès’ rule [5] converges to the state 0 … 0 for even parity and 

approaches the class of states 10 … 0,  …,  0 … 01 with a single 1-bit for odd parity, 

except for the state 1 … 1, which persists as an isolated absorbing state. The results 

for the 4-bit ML rule in Figure 2 are similar to the 2-bit ML rule in Figure 1. 

Moreover, we evaluate the acyclic ML variant of Fatès’ balanced rule, which con-

verges to the absorbing states 0 … 0 for even and 10 … 0 for odd parity, except for the 

isolated state 1 … 1. This rule shares the essentially faster convergence properties of 

the acyclic 2-/3-bit rules as described in Section 3.2. 

Finally, we consider a 4-bit update rule ML* with a monotonous decrease in the 

number of bit changes as well as the number of 1-bits in each subsequent configuration, 

thus combining favourable properties of Fatès’ rule and the 2-bit ML rule. Therefore, 

all 4-bit pattern with even parity are mapped to 0000 and all pattern with odd parity to 

1000, except for 0111 → 0001 and 0001 → 0001. Both exceptions avoid an increas-

ing number of bit changes, that otherwise could occur in the entire configuration by 

an update to 1000. This rule transforms states with two bit changes, i.e. with a single 

1-region, in less than n/2 active updates to the absorbing state 0 … 0 or to the final set 

of states with a single 1-bit, whereas the analysis of Fatès’ rule confirms slower O(n2) 

convergence especially for this case [5]. However, configurations with several inter-

spaced 1-bits still slow down the convergence of the update process. The 4-bit ML* rule 

improves the convergence, see Figure 2, but remains in the same complexity class.  

3.4 Active and passive update pattern  

The previous classification time results take only active rule updates into account, 

which modify the configuration. However, except for the 2-bit PMLR rule with active 

updates on all pattern, the random choice of update positions often stumbles upon 

passive patterns, which are checked without a change of the configuration.  

We evaluate the factor of the number of passive over active updates for the previ-

ous update rules in Figure 3. This factor is linear increasing with the ring size n for the 

considered cyclic rules in a range of 0.2 n - 0.4 n. We observe that the fraction of ac-

tive pattern is higher for random configurations than for configurations with a direct 

transition into the final states 0 … 0 and 10 … 0, because then the passive pattern 

00… is dominant throughout the latter configurations. The rule MLR has more active 

pattern than ML and therefore yields a higher fraction of active updates.  

In general, the number of passive update checks until a next active update is geo-

metrically distributed. The probability of an active pattern in the next step is given by 

the fraction of positions with active update pattern in the current configuration. Each 

active update is extended by an independent, geometrically distributed number of 

passive updates. A check of a passive pattern adds to the energy consumption, but ac-

tive update steps are expected to consume more energy for performing modifications. 



         

Figure 3: Factor of passive to active update steps required for the classification 

3.5 Summary of the convergence properties of the rules 

We summarize the convergence properties of the evaluated update rules for asynchro-

nous CA in Table 3, which includes the set of final states and an estimate of the mean 

classification time for a large number n of cells. 

Table 3:  Final (set of) states and mean convergence time of CA update rules 
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The acyclic rules and the 4-bit rule proposed by N. Fatès [5] for odd ring size n show 

strict convergence towards two absorbing states to distinguish even and odd parity. 

For the cyclic rule variants ML, the Markovian process of active updates is ending up 

in a set of states with a single 1-bit for odd parity, which are periodically passed 

through. Then one of those states, e.g., 10 … 0 has to be detected and established as 

the final absorbing state by blocking further transitions from this state.  

For comparing the convergence of the rules from a random start configuration to a 

final absorbing state, we approximate the mean classification time CT as active up-

dates by a function α⋅ nβ. The parameters α and β are determined to match simulation 

results CT(n) on the boundaries [nmin, nmax] of a range of ring sizes n: 

  CT(n) ≈ α⋅ nβ, where β = log(CT(nmax) / CT(nmin)) / log(nmax / nmin), α = CT(nmin) / nβ
min. 

Beyond the results in Figure 1 and Figure 2 for n ≤100, we performed simulations up 

to nmax = 500 for cyclic and nmax = 1000 for acyclic rules, where nmin = 100 is assumed 

in the approximations obtained in Table 3. Those approximations of the mean classi-

fication times are close to a quadratic complexity O(n2) for most of the cyclic rules, 

whereas the acyclic rules are close to O(n1.5).  

The results for cyclic rules are subject to considerable standard deviation σ  up to    

σ /µ = 10% of the mean value µ for cyclic rules for a ring size nmax = 500. For the acy-

clic rules, the convergence times are essentially shorter, thus enabling for simulation 

results with σ /µ  < 1%. Then the relative deviations of the approximation CT(n) ≈ α⋅ nβ 

from the simulation results are below 2% on the range 100 ≤ n ≤1000. However, we 

have no evidence whether this behavior continues for larger ring sizes n > 1000. The 

acyclic rules have a proven quadratic complexity O(n2) of the worst case convergence 

time with the explicit results summarized in the last column of Table 3. 

4 Transient Analysis of the Classification Time 

Next, we apply a transient analysis to the update processes. Let Xt, t = 1, 2, … be the 

Markov chain of configurations after t steps of the update process with transition 

probabilities pi j = P(Xt + 1 = j | Xt = i), where configurations are represented as a number 

Xt ∈ {0, 1, …, 2n
 – 1} corresponding to the binary value of the cell sequence.  

The state transitions of the Markov chain are predefined by a rule, which is applied 

per update step in a position of the current configuration with uniform probability 1/n. 

We denote the successor state by an update in position m of a configuration i by a rule 

R as SR(i, m). Then we obtain the transition probabilities for a cyclic rule: 

 

where δ ij is Kronecker’ Delta: δ ij = 1 if  i = j and δ ij = 0 if  i ≠ j. For acyclic rules, the 

summation limit n is reducing due to cells without updates. In most evaluations, we 

focus on the embedded Markov chain Yt  of active updates with transition probabilities: 

 

 



Finally, we can iteratively calculate the state probabilities P(Xt + 1 = j) after t + 1 updates 

and P(Yt + 1 = j) after t + 1 active updates:  

 

We start the transient analysis from a uniform distribution ∀ j: P(X0 = j)  = 2–n on all 2n 

configurations, which was also the starting point of the previous simulative evaluations.  

4.1 Transient analysis of the acyclic 2-bit ML update rule 

        

Figure 4: Transient analysis of probabilities shifting towards the absorbing states 

Figure 4 evaluates results of the transient analysis for the acyclic 2-bit rule ML for      

n = 10. The probabilities of both absorbing states 0 … 0 and 1 0 … 0 for even and odd 

parity are shown, as well as the probabilities of 9 classes of states, whose binary rep-

resentation ends with 1 or with 10 … 0 for m = 1, …, 8 zeros. The class of states end-

ing with 10 … 0 comprises 2n–m–1 states, which initially aggregate a total probability of 

2–m–1. Figure 4 shows how those state probabilities are shifting towards 49.8% proba-

bility in each of both absorbing states within 25 active update steps. The acyclic 2-bit 

ML rule has a worst case convergence time of n(n–1)/2, but the maximum of 45 for   

n = 10 is seldomly encountered. The mean convergence time is 10.572 active updates. 

In general, the transient analysis provides numerical exact results of the state prob-

abilities and derived measures, such as the distribution, mean value, variance and 

quantiles of the convergence time, whereas simulation results are subject to a standard 

deviation. We focus on the mean values and leave other measures for future study. 

However, the transient analysis requires storage for the probabilities of 2n states 

with a computational complexity of n⋅2n per update step. Thus, the analysis becomes 

increasingly complex for large n, whereas simulations are scalable even for large ring 

sizes more or less independent of n. 

0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0,8

0,9

1

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25

P
ro

b
a
b

il
it

y
 o

f 
C

la
ss

es
 o

f 
S

ta
te

s

Number of Active Update Steps  

State (0, …, 0)
State (1, 0, …, 0)
States (x1, 1, 0, …, 0)
States (x1, x2, 1, 0, …, 0)
States (x1, …, x3, 1, 0, …, 0)
                   ...
                   ...
                   ...
States (x1, …, x7, 1, 0, 0)
States (x1, …, x8, 1, 0) 
States (x1, …, x9, 1)



4.2 Transient analysis of the 4-bit update rule proposed by N. Fatès 

In a second case study, we apply the transient analysis to Fates’ balanced update rule 

[5] with absorbing states 0 … 0 for even parity and 1 … 1 for odd parity, see Section 

3.3. Figure 5 illustrates shifts of the probability distribution towards both absorbing 

states within the first 100 update steps for a ring of size 21. 

Starting again from a uniform distribution, Fatès’ rule leads to a decreasing num-

ber of bit changes in the configurations during the convergence process. Initially, over 

40% of all possible configurations include more than 10 bit changes. Figure 5 reveals a 

fast reduction of the probability of states with >10 bit changes from 40% down to 1% 

already after 10 updates. Moreover, the probabilities of state classes with 2, 4, …, 10 

bit changes are shown. It is apparent that states with 2 bit changes are dominant after 

50 - 100 active update steps with a slow convergence towards both attracting states. 

            

Figure 5: Transient analysis for active updates by Fatès’ rule [5] for ring size 21 

The fast convergence from configurations with many bit changes is stemming from a 

high percentage of pattern which reduce the number of bit changes. About 42% of the 

active update pattern in all positions of states with >10 bit changes lead to a configu-

ration with less bit changes. 

However, in the class of states with 2 bit changes only 2n out of n(n – 1) configura-

tions have a transit to an absorbing state via a single out of three active update pattern. 

Therefore, the convergence from this prefinal class to the final absorbing states is 

much slower, as confirmed by the transient analysis results in Figure 5. A detailed 

analysis by N. Fates [5] represents the prefinal phase, which is spent in configurations 

with 2 bit changes, as a one-dimensional Markov chain. The mean classification time 

derived from the Markov analysis shows a quadratic increase O(n2) for active updates 

and even a cubic increase O(n3) including passive update checks. 

The mean classification time in the example of Figure 5 requires 136.6 active up-

dates and over 500 updates to reach the final absorbing states with 99% probability. 
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5 Conclusions and Future Work 

We investigated the convergence properties of novel parity rules for local 2-, 3- and 

4-bit neighborhood patterns of an asynchronous CA in a broader context with arbi-

trary final states and acyclic rule variants. Especially the acyclic rules can improve the 

mean classification time of a parity check already by 2-bit updates, with a worst case 

performance bound of n(n – 1)/2 active update steps. However, the asynchronous 

principle still involves a considerable number of passive rule checks without a state 

update. The transient analysis approach gives valuable insights into the shifts of the 

probability for pattern classes being entered during the update process, although with 

limited scalability in the ring size.  

As topics for future work, the Markov chains of the update process can be ana-

lyzed in more depth and for additional performance measures. The search for opti-

mized rules can be widened, e.g., for covering all options of 3- and 4-bit rules. The 

favourable performance of simple acyclic parity check rules is a promising basis for 

studying more complex computation tasks beyond a parity check. A closer look at the 

computation effort and energy consumption of active and passive updates is desirable 

as well as a comparison with synchronous CA update processes. 
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